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ABSTRACT 

A major goal of instruction is for students to 
develop competence with numbers. This study attempts to determine the 
effect of instructional materials that develop number concepts and 
connect these concepts to mental computation procedures. The study 
used 16 classes of e i ghth“grade students and a pre t es t'"pos 1 1 es t 
design with two treatment groups. An experimental group used a set of 
author-written instructional materials as a supplement to the reguUr 
curriculum. Instructions to teachers stressed that student discussion 
of invented procedures was an i:nportant component of the 
instructional process and alternative methods of computation were to 
be encouraged. Results indicated that students showed a tendency to 
use standard procedures when whole numbers were involved, but when 
the problems involved decimals, fractions, and percents, students 
used methods which indicated a change away from the use of standard 
procedures to non-standard procedures. Significant gains were made in 
mental computation achievement. (MKR) 
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Introduction 



Children begin formal schooling with the ability to do complex mental 
computations. Research has found that children invent these procedures based on their 
understanding of numbers and quantities acquired through working with concrete objects in 
their plav and exploration of the en\ironment (Ginsburg, 1977; Caipenter. Hieben, & 
.Moser. 1981; Caipenter & Moser. 1984i. Howe\er. an examination of middle grade 
students' achie\ ement in mental eomputation reveals that students lack the skills to compute 
mentallv and choose not to compute mentally e\ en when the numbers are not extremely 
large (N.AEP. 198.E Revs. Reys. cR Hope. 1997; Markovits de Sowder. 199.M. 

Middle made students often view numbers as symbols to manipulate rather than 
(.ILiantitios rich u ith inteimal relationship's, fhey do not see the relatic'iiships between the 
quantities invobcLl but compute using methods that are mental analogs of written 
procedures as if they had ”blinders on" tHope. 1986). Students who have a high ability in 
mental computation tend to \ iew numbers as quantities that bristle with relationships that 
contribute to the ability to compute mentally. 

This change in mental computation achie\ ement that occurs as students progress 
fr(.'ni the priniaiA' erat.les to miildle school is belie\ed to be related to the mathematics 
instruction received in school. When formal mathematics instn.iction begins in school two 
problems often arise; ( 1 ) instruetion is based on manipulation of written symbols and 
memorization of procedures and is not connected to students' conceptual knowledge ot 
numbers and quantities; and t2) instruction does not focus on building new mathematical 
understanding, lliebert 1 1984) argued that these two problems lead to the use of mechanical 
and meaningless procedures that result in low student achie\ement. It mathematics 
instruction in school was based children's prior understanding of numbers and operations, 
it seems likelv that students' abilit> to compute mentally could be improved. 
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It is this conjecture that led to the formulation of the problem for this study -- to 
determine the effect of instructional materials that develop number concepts and connect 
these concepts to mental com[)utation procedures. These specific questions addressed were: 

1. Is instruction that specifically connects conceptual and procedural mathematical 
knowledge an effective means of teaching students to compute mentally? 

A. Do Students show an increased tendency to use mental 
computation when asked to compute by a method of their choice? 

B. Does student achie\enient in mental computation impro\e when they 
must compute mcntali} ? 

2. What is the effect of instruction that specifically connects conceptual and 
procedural mathematical knowledge on students’ thought processes about 
number, the operations, and quantities; and specifically on their mental 
computation procedures? 

Method 



Subject.s 

The subjects for this study came from a public school located in a small midwestern 
city. Sixteen intact classes of eighth grade students and six teachers participated in the 
study. The sixteen classes that participated represented all students in grade eight in this 
school. 

The study used a pretest - posttest design with two treatment groups. An 
experimental group used a set of author written instructional materials as a supplement to 
the regular curriculum with the control group completing the regular mathematics 
curriculum. The regular mathematics curriculum in grade eight concentrated on algebraic 
concepts and skills. Classes were assigned to experimental and control groups to ensure 
equal numbers of students and comparable ability levels. 
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Procedures 

Prior to the study, the in\ estigator met with the Director of Secondaiw Education 
and the teachers who would use the instructional materials in their classes. The teachers 
were given lesson plans, assessment instruments, and sample lessons. The discussion 
focused on the purposes of the study, the use of the instructional materials, specific 
instruction on the use of mathematical models throughout the unit, the imponancc of class 
discussK.'i. and the relationship of the instructional materials to the state designed 
mathematics curriailum. Teachers were pixwided a set of guidelines with teaching 
suggestions that vsould seixe as a reference throughout the studs'. It was stressed that 
student discussion of invented procedures was an important component of the instructional 
process and alternatis e methods of computation should be encouraged. 

The studv began in September 1993 with interviews conducted with randomly 
selected students. Instruction began in late September and continued through the end of 
May 19sU s\ ith the pcwt interviews. The timeline for the studs' is given in Figure 1 . 



Etirly .September 


Pre-instruction Interviesvs 


Late September 


Instruction begins'- Lessons on Whole Nui'nbers 


Earls' December 


Lessons on Decimals 


Late Januaiy' 


Lessons on Fractions 


Early March 


L.essons on Percents 


Mid May 


Post- instruct ion Interviews 



Figure 1 . Timeline for the Study 



Each teacher svas observed by the researcher several times during the course of the 
study. After each observation, a short debriefing session svas held svith the teacher to 
discuss the lesson's strengths, suggestions for improsement, hosv the teacher felt the 
materials svorked. and suggestions for improvement of the materials. 
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Instructional Materials 

The mental computation instructional materials written by the ins estigator consisted 
o!'83 lessons related to whole numbers, decimals, fractions, and percents. A model 
developed b\- Payne and Rathmell ( 1975) and expanded by Payne. Towsley, and Huinker 
( 199()i was used to design the instructional materials in this study (see Figure 2). This 
model stresses the connection of mathematical symbols to referents as a way to build 
conceptual knou ledge. As children connect written mathematical symbols to the other three 
representations, they begin to develop competence w ith symbols. Through experiences 
with each of four representations, mathematical ideas become part of conceptual 
knowledge. Connections betw een mathematical symbols and quantities or referents become 
paths hetween form inrcvedural knowledge ol the symbol) and understanding (the 
conceptual know ledge of the quantity) (Hiehert. 19S4i. 





Figure 2. Conceptual Knowledge Connections 

Lesson titles and the sequence of the instruction arc shown in Figure .T The initial 
lesson in each subtopic took most ot a 40-minute class period and provided an in-depth 
studv of the content. On subsequent days, students w ere given the lesson when they 
entered the room and began work immediately. I hese lessons were cotiipleted tind 



discussed ill the firsi 10 miniiies of class that took little if any time away from the usual 
mathematics instii-iction. 

For each lesson, problems were presented in written form. .Students were to do all 
tile work menttdl\' and iccoixl only their final answers on the lesson worksheet. The 
instructional lesions were laucht using large group discussion with mathematical models 
presented on an ovcrheail projector. Students did hands-on learning including the use of 
models and the drawing tind shading of diagrams. In some lessons students worked in 
small groups to check their work and discuss \ arious strategies used in mental 
computation. 



Dav 1 


Repi'esentalions of Whole Numbers 


Dav 4-7 


.-\rldition cN Subtraction of Whole Numbers 


Dav 8-4 


Addition of Compatible Whole Numbers 


Dav 10-11 


Subtraction of Whole Numbers - Regroupin 


Da\ 12-14 


The Moaning of Multiplication 


Dav l.s-16 


.Multiplication by Multiples of 10 


Dav 17-19 


Multiplication - Distributive Propert_\' 


Dav 20-2 1 


.Multiplication - Compatibles 


Dav 22-23 


The .Meaning of Division 


Day 24-25 


Die iding b\ .Multiples of 10 


Dav 1-3 


d'he .Meaning of Decimals 


Dav 4-7 


Addition and Subtraction with Decimals 


Dav 8-10 


Multiplication by Powers of 10 


D;iy 11-12 


Division by Powers of 10 


Dav 1-3 


The Meaning of F'raetions 


Dav 4-6 


Equivalent Fractions 


Dav 7-10 


Fimling Fractional Paa ts of Whole #'s 


Dav 11-13 


.Multiplying Fractions 


Dav 14-16 


Dividing Fractions 


Dav 17-19 


Add - Subtract Like Fractions 


Day 20-22 


Add - Subtract Related Fractions 


Day 1-4 


The Meaning of Percent 


Dav 5-7 


Equivalent Fractions tind PartAVhole 


Dav 8- 1 1 


Fractions tind Perceius 


Da'v 12-16 


Percent of a Number 


Dav 17-20 


Percents, Fractions, and Decimals 


Dav 21-24 


Fractions and Decimal of a Number 



f'igui'e .'. Le^son Titles and Suggested Time Allocations 
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The initial lessons for each content area stressed the de\'elopnient of conceptual 
ktiowledge by connecting indis idual mathematical symbols to referents. Models, diagrams, 
and oral language were integral components of each lesson and u ere used to develop a 
strong conecptLial understanding of whole numbers, decimals, fractions, and percents 
(see .Append i.\ .-\). 

The process of using concepttuil ktiowledge to develo[i mcnttd computation 
procedures was the focus of the remaining instructional lessons for each content area 
(see .Appendi.v Bl. Computation problems were presented in written fc "n and required 
stui.lenls to interpret s\ mbols based on their conceptual understanding. The development tif 
mental computation procedures was connected to the conceptiiul knowledge by using the 
same models, diagrams, and oral language that had been used to de\elop the meaning of 
the svmbols. This was accomplished b\ having students manipulate tlie referents (either 
phvsicall) or by using mental models l .md observing the results. Since the referents 
represent the symbols, the result is the same for operations u ith referents and the symbols. 

Since each students' conceptual knowledge was uniiiue. the mental computation 
procedures based on conceptual knowledge was also unique. The use c'f invented 
procedures was encotirtiged through students' \erbal explanations of their methods. This 
sharing helped students clarify and reorganize their own conceptual understanding of 
numbers and mental computation procedures and led to discussion of alternative 
approaches. 

.Assessnamt Instruments 

Severtil as.sessmenls were used to Lletermine the effect the instructional materials 
had on student's mental computation achiewement. choice of computation method, and 
thinking strategies (see Appendix C>. 
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Achievement Test 

A menial computaiion achievement test was given before insiaiciion began and 
again after instruction was complete. Test items were structurally similar on the pretest and 
posttest. Each test contained 59 items that measured student's ability to compute mentally 
with whole numbeis. decimals, fractions, percents, and to solve world proble ms mentally. 
'I he items lor these tests were written to coirespond with the mental computa'.ion objectives 
gisen in The Michi'^aii T'.sscn'hul Goals and Ohjeciivcs for Mathematics fuhication 
(.\I.SFU:. 19SS). 

Stated Computation .Method 

.A pretest and post test wei e gi\ en in which students stated which method of 
Compulation i mental compulation, calculator, paper-pencil) they would use to I'ind the 
answer to c.xercises invok ing whole numbers, decimal fractions, fractions, and percents. 
The items on these tests weic identical to the items on the achiewemeni tests. 

SuidcMit Interviews 

Randomly selected students from the e.xperimenlal group participated in a pre- 
interview and post-interview to deteniiine their conceptual understanding of numbers and 
the methods used to compute mentally. Each inler\ iew was tiudio taped with notes taken by 
the interviewer concerning the student's use of diagrams in e.xplaining thinking and other 
reactions that were not able to be recorded on tape. The tapes were transcribed and the 
notes incorporated into the transcript. lnter\ iew questions and mental computation 
problems are listed in Figure 4. 
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All numbers and problems were presented on index cards (except lor the last tour 
that were read orally by the interviewer) and shown ter each subject one at a time. 

7 

1: Can you read this fraction? (-- i 

1; When would you e\ er use this fraction in real life? 

1; How would you explain the meaning of this fraction to a boy or girl in a younger 
grade wh.o does not understand this fraction? 

I: Can you read this decimal? (.26) 

1: When would you ever use this decimal in real lile? 

1; How would you explain the meaning of this decimal to a boy or girl in a younger 
erade who does not understand this decimal? 

1: Can >ou read this? (84C ) 

1; When would you ever use this percent in real lile'.’ 

1: How would you explain the meaning of this percent U) a l'K)y or girl in a younger 
erade who does not understand this percent ’ 

I: On th.ese cards are some problems and I want you to read the pix'blem out loud 
and then talk out loud how \a)u wmuld find the amswer to each, problem. 

1 1 276 - .^S 2)52 - 28 ."m 4 x 4h 4) 20 x 60 

5 ) 2.4) s- lot) 6) .07 -t- .2 7i4-.0 

10)1x15 ll).!t)t'6.' 12) 5-^-1 

!?);: = 14) 2557 of 40 

I: riiesc next problems 1 am going tt) read t)Ut loud and 1 want \ou to lind the 
answer and then tell ln)w \x)u figured tint the answer. 

l)5.Vx6 2)]+;; 3) low of 80 4) of 54 



Figure 4. Interview Protocol 



Re.sult.s 

Mental computation achievement pretests were given in early September 1993 with 
posttests eiven in mid May 1994. Because the instructional sequence lasted o\x’r the entire 
school year, the posttests prc)vided a measure ot retention ot mental computation skills and 
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conceptual understanding of mathematics. In most instances posttesls were given several 
months after students completed the instructional lessons on a particular topic. 
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Mental Computation Achievement 

Descriptive statistics for the pretest and posttest scores are giveti iti Tahle 1 . The 
descripiives show that there were itiitial differences on the pretest achiesetnent test between the 
o.xperimental atid control groups with the e.xperitiiental group scoring higher on the achievement 
pretest than the e.xperitnental group. 

Table 1 

Achicvcii n'iit TcMs: Means aiiti Siciiuhtrcl Deviaiious jar lixpcriineiiial aihi Conirol Groups 

H.xperitnental ( n= ! 83 ) Cotitrol ( n=230) 

Mean .SD Mean SD 

.-Xchievetnetit Pretest 37. b I 1.0 

.\chievemetit Posttest 43.2 10.9 

To evaluate the effectiveness of the instructional materials on tnenial cotiiputaiion 
achievetiietit. tlie initial differences in pretest .scores were controlled for. .An analysis of 
covariance (.ANCOX'.A) was u.sed with pretest and gender used as covariates. Controlling 
for the initial differences between the two treatment groups, analysis found that the 
iti 'ructional mtiterials h;id a positive affect on mental computation achievement, ft 3, 409) 

= 33 1 .9. p < .001 (see Table 2). The instructional materials accounted for 35‘^c of the 
variance in the achievetnent post test [R- - .359). Gender did not have a signiftcant itnpact 



24.8 11.8 

20.2 12.1 



on mental cotiiputation achievetnent . 
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Table 2 



Analysis of Covariiiiice for Achievcnicnt Posnesi : Coinrollim’ for Pretest and Gender 





S.S 


df 


.M.S 


F 


Regression 


60058.23 


3 


20019.41 


331.9=^ 


Residual 


24673.49 


409 


60.33 





Variables in Equation 


B 


t 


R sq. 


Treatment 


7.641 


8.64’" 


.359 


Gender 


.725 


1 .88 


.003 


Pretest 


.744 


22.17” 


.358 



■■■ p< .()()()! 

Stated Computation Method 

One of the assessment inslruincnts asked students to state the method of 
compLilation tliey would use to find the answer to problems tliat eontained whole numbers, 
deeimals. fraetions. and percents. Students weie asked to state if they would use mental 
computation, papci' - pencil, or calculator to compute the answer to each problem. The total 
number of items that the student stated they would solve by mental computation were 
recorded. Descriptive statistics for the pretest and posttest scores are given in Table 3. 

There were differences between the two groups on the pretest with the experimental group 
indicating they w ould use mental computation more often than the control group. 

Controlling for initial group differences, the analysis showed that the instructional 
materials had a positive affect on the students use of mental computation. F (3. 3S6) = 
185.6. p < .001 (see Table 4). The instiiictional materials accounted fur 27C of the 
variance in the achievement post test (R~ = .267). Again, there were no gender differences. 
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Table 3 

Mi’ihnd (>t Cfiiiipiilalion Tesr.s: Means and Shunlan/ Devimions for Expcriinental and Contro l Group.' 

Experimental (ii=160) Control (n=230) 





Mean SD 




Mean 


SD 


Method Pretest 


25.8 12.5 




14.7 


10.0 


Method Pretest 


34.7 14.5 




19.7 


■'.4 


Table 4 

.■\/;u/v.v;v nl Covorioucc for Method of C<>iiipuki!ioi: Posiics 


1 : Conirollinii for 


Pretest and Gender 


SS 


df 


MS 




F 


Regression 48265.«S7 




16088,62 




185.6^^^ 


Residual 3 34 51. SI 


3S(:i 


8(1.66 







\'anables in Ecjuation 


B 


t 


R sep 


TroatnieiU 


6.()(J 1 


6.17^'' 


.267 


Gender 


-.123 


-.26 


.0007 


Pretest 


.747 


17.42^^’ 


.323 



p< ,()()(! 1 

I nterview Resii Its 



Interview dat;i were ;inal>/.ed to determine the methods students used when 
eomputing menially. It was hypothesized that the development of the underlying coneepts 
Ilf numbers uduld result in a change to more lle.xible methods based on number 
relatioiwhips and conceptual knowledge. 

There were few changes in the procedures students used to compute mentally from 
p:e-mlci\icw lo pnst-inlerview- on items that involved whole numbers. One possible 

L,.' 
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explanation for this mtiy be tliat students had well-established sttindard procedures that 
woik for whole numbers and they found them easy to use. A second explanation is that 
students had used standard procedures so often that their use has become autonomized. 

lioweser. one student showed dramtitic change in the methods he used to 
compute menttilly. Student S 10 used a standard method on all but one of the whole number 
items in the pre-inters iew. One the post-inter\ ie\\ , SIO used ti non-standard method on all 
the whole number items. The following excerpts from the intervieu s illustrates the change 
in SlO's thought process: 

276 -i- 3S 
Pre-inter\ie\\ 

S,'0: Three hundred fourieen. Six plus ei'^hl is Jourteen carry over die one. Hii’lit 
plus three is eleven ciirrx over the one and i\\ (> plus (>ne is three. 

Post-inter\iew 

SIO: Three fourteen. I knew I first just kept the tW(> hy itself and then added the 
seven and the three and that made it three hundred and eiyhi plus my six is fourteen. 

■i X 49 
Pre-interview 

Slit: One hundred ninetv-six. fine times four would he ...thirty-six jtiit the six 
down in niv head and then carry (>ver the jour -- three, then [<>ur tunes j(>ur is 
sixteen pins three is nineteen. 

Post-inier\iew 

SIO: Fifty-two. ..not fifty-two... five. ..tme ninety-six. I times my forty times my 
lour and timed my nine times my fmr and then added the two numhers. 

The thought processes of several other students changed over the course of the 
studv but on only one or t\\ o items. Examples of these changes follow: 
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Pre-interview 

SJ: You’ll have u> carry, take one oui of the five anil that would he four. Carry one 
over the two. then twelve ininu.s eiyhi i.\ four and then four niinu.s two i.s two. .so 
iwenly-ldur. 

Post-inier\iew 

Sd: Tw-’iiiv-nw'. iu> tWi-niy-four. I ronmleil the iweiiiy-elyhi to ilnnv aiul I roiiiuled 
the lili\-iw(i to fHiv-totir. I Just hrouyhl it up two then .suhirLieled. 

Pre-inieiview 

,V<S'; Tweniv-tnur. CVcs.v out the five and yet lour and briny the one over to the two 
and tniinis the eiyhi from the twelve and that would hefotir. .\Iiuu.s the two fiiun 
the four aitd that wotild he two ... tweitty-Jotir. 

Posi-inier\iew 

SS: Twenty-four. I jti.st added it to tweittv-eiyht. I added twenty to it and that wa.s 
fortv-eiyltt and then I Jti.st added aitotlier to it whieli i.sjifty-two. I added in.stend 
of suhtraetiny. 

4 \ 49 

Pre-interview 

.Vw One ninets-.si.w Four times nine i.s thirty-.si.\ carry the three. Four times four is 
si.xteeit add the three. 

Post-interview 

S7: One htmdred and ninety-four ... ninety-six. I rounded Jorty-idne up to. fifty and 
I timesed it hy four and then mintised four. 

1: Why did you round I'orty-nine up to fifty'? 

S7: It 's eit.sier to multiply hyfijt} than Jorty-nine. 





Student's thought processes did show some change when problems invoh’ed 
decimals, fractions, and percents with the thought processes changing from standard 
procedures to invented strategies btised on understtinding of the numbers. 

F'or the decimal items in the pre-inter\ iews, sutdents generally computed using 
rules and procedures. When tisked to e.vplain why they used a certain method, most 
students continued to ei\e a procedurtil tuiswer. The post-inter\iews found more students 
ea\ e e.xplamitions httscd on a conceptual understtinding of decimals as illustrated in the 
following e.seci'pts from the interviews: 

.07 + .2 
Pre-inteiA iew 

SS: Huh... h^ i'inx-.scvcn luiiidrcdlhs. Ij il u o.v Itncd iij) add d)c zero and ihc two 
and die zero wi>nld he o\ er here .so jn.'ii add a up. 

1: You said if they were lined up. If what is lined up i’ 

SH: lake die poinl.s. 

1: Why do you line up the decimal points? 

.S'<SV So al llie holloni it wid he eorreel. 

Post-interview 

SS: Twent\'-.\even hundredths. ! adiled the zero and the two winch is two tenths 
and then I hronpht the seven o\ er and put a zero behind the two and then added it to 
the .seven. 

1: Why did vou add the two to the zero and not the two to the seven? 

SS: Because the deeinial point, because that's in the tenths cohinui and that's in the 



hundredths. 



Pre-inter\ie\v 



iilO: Di'c'inial rw(> .seven. I would just culd the deeinuil two to the deciuud seven. 

!: Why do you add the decimal two to the decimal zero and not the decimal two to 
the decimal se\ en? 

S 10: The deehned two. when irc do ninth we cilways line up the deeinuils. 

1; Why do we line up the decimals'.’ 

SIO: The teachers never really e.xphuned. they just said it was easier to keep tra-k of 
your nuinhers that way. 

P(wt-!nterview 

SlO: Two tenths and sewn hundredths. Twentv-seven hundredths. Just addeil a 
:ero at the end (>l the twt> and then zero and your seven is se\ en and zero and the 
riiv; is two. 

1; Why do you add the zero and the two and not the se\cn and the two'.’ 
d 10: You can't iidd like hundredths and tenths together. 

4 - .9 

Pre-i nt erview 

SJ: You'd add a deeinuil and a zero so it would he four point zero minus point nine. 
Then you would take one away from the pnir and add it to the one. then ten minus 
nine would he point one. Then three point one. 

Post-interview 

SJ: Three point one. I just rounded the nine tenths to one and then I subtracted and 
yot three and added the tenth that I took away. 

Pre-interviews indicated the mental computation methods used with fractions were 
\cr\- procedural, rellecting the use of the standard paper-pencil algorithms. The post 
interviews found sotne students changed to using non-standard methods to compute 
mentally. Changes were especially ru!teworthy for students SI. S3, and S7. The use of 
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conceptual knowledge wa.s apparent when .students were asked to divide a u hole number 

by a traction. 

• X 15 

Pre-intervieu 

S.\' Oh. OK. )'(H( pill the fifteen on lop and a one heh/w ii. Then y<ni can change 
the three and filieen ■ three yoe.s into three once and three poe.s into fifteen five 
times. One times fi\ e i'< five and one times one is one. f ive over one. 

Post-interview 

S3: Five, .d third (>f. three poes into fifteen five times. S(> i>ne of the three parts oj 
the whole wmihi he lifteen pniris so one third if that would he five. 

5 - ‘ 

Pre-inlcrvicw 

.S3: Yon juil live iwer one and switch the three and the one ! ih.ink.... So five limes 
three is fifteen over one so it would he fifteen. .\'o. that's not riphl... Yea it would 
he. 

I: Why do _\ ou switch ihat one number? 

S3: You don't divided fractions, you flip the niinihers and nndtiply. 

1; Uo N OLI know why you do that? 

S3: .\'o. I learned it that wax in class. 

Post-inter\iew 

S3: Fifteen. If there are three juiris in each whole then three tunes Jive would he 
fifteen. 

Pre-intei'\iew 

SIl: That is like the inverse of the one third limes fifteen. If you divide a whole 
number hy a fractum the answer i^els laryei: 
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Post-interview 



SI i : Fificen. Basically ii is like saying lu)w many one thirds are there in five? 

I: Can you explain that? 

SI I : Say ten divided hy two, is five. Because five sets of two is ten. So five 
divided hv one third, there are fifteen sets of one third in five. 

Pre-intcr\iew 

S7: Put titc five over a one and then cancel, it's two. I mean one remainder two. 
Posi-inter\icw 

S7: Fifteen. Five tinies three. You want to see how many thirds are in five. 

^ + 1 

Pre-inlciA icw 

S7: Si.\ eighths. .Achled the top t\vo iind then the bottom two I nutde an eiyh.t. 

I: Why do you need the boltoin nunihcr the same'.’ 

S7: You Just dott't add the hott(>tn numbers. 

I: Why'? 

S7: / have no idea. Because that is the way 1 was tatiftht. 

Post-iniei\iow 

S7: One and one eighth. Four eighths would he half and I added that and that nutde 
one aitd / had one eii^hth left (>ver. 

I: Can you explain that again ? 

S7: Four eiithths is a half .so one half phis one half is one and that one eighth is left 
over. 

In both interviews, the procedures students followed when working with percents 
were mostly non-standard. Pre-interview results found a majority of students had a ftiirly 
strong understanding of percents. Students used this understanding todes’dop mental 
computation procedures. Many students also appeared to have an adequate understanding 
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oi'iho relationship between fractions and percents and used this understanding in the 
solution of the problems presented in the interviews. E.xamples of the methods students 
used to solve percent problems and related e.xplanations follow: 

25 of 40 
Pre-inier\ iew 

SI: Twelve. lialfof jerly is rweniv and iwcniy is Indf which is fijiy percent and 
then ludf of twenty would he ten. Ten wonhl he the answer. 

Post-interview 

SI : Ten. half of forty is twenty and take hedf oj that. 

Pre-inier\ie\\ 

.S'-/; Ten. On, e hundred pereettt aj h>rty is j( rty. seventy- fe e pe reent is thirty, and 
so on. 

1: How do \'OLi know sc\’enty-!'ive percent of forty is thirty? 

.S'-/; Twentv-fivi percent is one fourth and one fnirth of forty- is ten ... just suhtraet. 
Post-interview 

S4: Ten. Twenty-five percent is eiptal to one fnirth. One fourth offirty is ten. 



Discussit)!! 

,-\ major goal of mathematics instruction is for students to develop competence with 
numbers. Hicbert ( 1986) proposed that the difficulties students have with written numbers 
occur because students have developed procedures before they have connected the symbols 
to referents. This study focused on the development of conceptual knowledge of numbers 
by connecting ss mbols to referents as a way to develop mental computation procedures. 
The instructional lessons helped students build connections by emphasizing concrete, 
pictorial, and symbolic, and real world representations ot numbers. 
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Tlic instructional sequence in this study produced signitlcatit gains in mental 
computation achievement. The emphasis placed on dcwloping understanding of numbers 
and then connecting this understanding to mental computation procedures is important for 
learning meaningful mental computation procedures and improving achievement. This was 
especially evident on decimals, fractions, and percents. 

The instructional sequence also had an impact on student's stated choice of 
computation methods. When students understand the numbers invoKed in the computation 
they are more likeK to choose mental computation because they can more easily rctrie\e 
procedures from their conceptual network. This was veiw evident on problems containing 
decimals, fractions, and percents. Instruction was necessaiy to bring about this change; it 
did not occur incidcntallw 

Students showed a tendency to use standard procedures when the problems 
invohed whole numbers. The methods students used to comouic when the problems 
in\ol\cd elccimals. tractions, and percents indicated a change away Iroin the use ol 
standard procedures to non-standard procedures. Many ol the students who switched Irom 
using a standard to a non-standard method based their solution processes on their 
understanding of numbers and demonstrated this understanding in the interviews. 

In this study, students' understanding of decimals, fraction, and percents can be 
described as limited. Instruction emphasizing conceptual knowledge helped students to 
develop a more complete and stronger understanding of decimals, fractions, and percents. 
Efforts at remediation required e.xtensive time and cllort. Instruction that emphasizes 
conceptual knowledge must begin in the early grades and continue throughout formal 
mathematics instruction. 

Procedures are \ ery powerful. Once a procedure is learned and practiced, students 
tend to Use that procedure e.xclusively even though other procedures may be more efficient. 
This was found in the inter\ iews with problems that contained whole numbers. When 
procctlurcs tire nc't routinized b\’ students, tis w as the case lor decimals. Iractions, and 

O '-I 
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poi'cenis. instruciion ihai emphasizes eoiieepiual knowledge is elTeciive in the development 
of nun-siandard algorithms. Instruction based on understtinding can intluence the methods 
students use to compute and can help them develop more eftlcient procedures. 

The increase in achievement for whole numbers was small, which raises the 
ciLicstion of including any whole number work beyond grtide si.\. The types ol mental 
computation prc'blenis with whole numbei's in this study were fairly easy, and mental 
compulation could easil\ be done using a standard method. Perhaps different i\ pcs of 
problems invoK ing whole numbers should be includoi.i that wouhi rei.|uire the use ol a non- 
standard metluxi ol' computation. 

The achie\ement for decimals, fractions, and percents was far from mastery level at 
the end ol' grade eight. This brings into question the current middle school curriculum that 
often dr.'Cs not include an\' specific instruction on decimals, fractions, and percents. 

Teachers should view mental computation as an integrrd component of a total 
mathematics curriculum w ith instruction beginning in the primary grades and e.viending 
through hiiih school. The de\elopment rd crrnceptual know ledge of numbers is critical in 
helping students de\elop mental computation procedures. The approach taken in this studs' 
shows promise for helping students be mming competent w ith written ss nibols. 
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Ap[)endi\ A 



Me.n.tlLCom&fl.tAtlon 

leaning of Decimal ?ractionS - Le^on *3 

For each diacram, give the decimal fraction it represents. 



1) 



2 ) 






3) 






Write the decimal fraction. 



4) 6 tentr.s 5) 34 hu-ncireCu^s 6) 3 hund/ec^tris 

7) 1 zr.C 3 !entr^ 8) 1 5 9) 54 hL:r.ire<itt“.s 



Tell if each decimal is closer to 0. 1/2. or 1 whole. Circle the answer 



10) 


.9 


0 


1/2 


1 


11) 


.07 


0 


1/2 


12) 


.53 


0 


1/2 


1 


13) 


.87 


0 


1/2 


1-) 


.1 


0 


1/2 


1 


15) 


.97 


0 


1/2 



C?’ ECF* DCP’ Challenge Problems: 

Dravv a circle around the decimal fracr^ons that arc close to one haJf. Put a square 
around the dec:maJ fractions that are ciosa to zero. Draw a triangte around ttie decimal 
fractions that are dose to 1 whole. 

.52 
.05 

.9 



.49999 


.998 


.1 




.513 


.910 
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Appendix B 



Mental Computation 

Rddition ^nd SQl^traction of Decii^al PradiOnS - LeSSon *5 

Shad; a diacrgm to sofve probigfn. 




2 ) . 67 .- 23 * 

4 



j-i 4 - U 


_1 LI 


1 ! J i 1 




[ ! 


4 i \ 


1 i 


1 < 


j_j rm 




1 


1 ‘ 


U { 14 




1 


1 I 


t 1 1 1 i i 




1 


i 


i 4 i 


1 1 


1 j 




_ Li_L[_n 


i i 


i 


i 


1 1 1 1 1 j 


1 1 


j 


1 


M ! t 1 i { 







MentaMv find each suni or d»tfgr;ncg. 

3} .37 -r JZO * .75 - .23 * _ 

6 ) .8-^ .04= 7)3. .6* 

9 ) 2 , 4 - 1 - 10 ) 



5} 1J -^24 * 
8 ) Z 3 ^, 9 ^^ 
11 ) 5 + .S8*. 



Describe how vcu would r-erTtallv find the ansv^^ * •, tc fgc.h srcb iem. 



12) 1.4 -H .52 = 



13) .7.. 02 * 



Iiy EIP’ C?* Challenge Prob(c!Ti: 

The fcllcwir.g a.nswer3 have los: tfieir decmaJ pdrL Place the decimal point in each 
ans'lver to iTiaJ<e it correct- Cautfon; the ansT'^ers have been rounded, 

2.3455123 -^ 1.4557345 * 3 a 0 2 4.3451236 - .S0765433 = 3 43 7 
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Method Pretest 



Name 

School 



In each of the following exercises, tell -which method of compotaticn -/ou -would most likely use to find the 
exact ans'wer. Ans-wer EL'f you v/ould use paper and pencil, J^if you -would find the answer mentally, or £jf you 
•would choose to use a calculator. 

5477 -<-1999 = 25 + 65 25 + 35 = 4250 + 30 + 600 = 

859 - 159 = 150-147 = 83 - 27 = 

4 X 55 = ! ^ 399 = 



ICO X 8 = 



1C'' 

I ‘~,'J 



10 = 

12 - .15 = 



0.5 - 0.06 = 
.5 X 84 = 



300 X 40 = . 
600 ^ 30 = 
.05 + .6 = _ 
3 - .7 = 



2 X 23 X 5 = _ 
1500 3 = _ 

3.2 + 4.31 = . 
6.45 - 3.99 = 
6 X 1.5 = 



100 X 4.23b = 



25.4 ^ 100 = 

_ 1 _ 

2 5 “ — 



27 



10 = 
3 



2 ^" '10 = 



10 



^ 10 
2 1 

3^2“ 

1 

- 4 = 

2 _ IL 

3 " 12 " ~ 

50C/O of 24 = 
250b of 1 6 = 

3 

4 — 



4-4 =- 

1x0. 

3 



3 

5 " 
12 
15 



Ob 



1 

5 



n 

= 5 ^ = 



1% of 155 = 
3% of 300 = 

1 1 _ 

100 



8 X SI .99 = 

14 -r .5 = 

3 2 

4 4 " 

10 3 _ 

12 '4 “ ~ 
1 4 

4^10“- 

3 1 

4 ■ 2 " — 
^3 “ 3 



n = 



10% of 80 = 

1 _ 

2 



% 



% 



Your btll at a restaurant comes to $25.40. 
You -want to leave a 10% tip for the 
warter. How much should you leave for 
a tip? 

There are 7 buses to take 280 students 
home from school. Each bus must carry 
the same number of students. How many 
students should be on each bus? 



Of the 1500 students at Southwestern High 
School, one third of them are freshman. 
How many students are freshman? 



A man quit his job at one company tc take another job 
because it paid $2400 more a year than his former 
salary of $16,800. What is the man's new salary going 
to be? 



On a too question test, Carol received 
a 90®'o. How many questions did Carol 
get correct and how many did she get wrong'f 
^correct #wrong 

I bought j s of a pourxf of candy and 

then gave ^ of a pound to my friend. 

Ho'w much candy do I still have? 



3 X 74 = 222 then 6 x 74 = 



Three of your favorite tapes are on sale for $5.99, 

$7.99 and $4.00. How much would it cost to buy these 

three tapes? 
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